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Multi-mode resonances in fluids
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When a lightly damped fluid resonator is forced near its fundamental frequency, the
most usual response is one in which the fluid oscillates in the corresponding eigenmode
with an amplitude response similar to that of a Duffing oscillator. Examples are the
sloshing of a horizontally oscillated tank or acoustic oscillations in a resonator of
general shape. However, multiple eigenmodes can be excited if the spectrum is either
commensurate or degenerate and both acoustic resonance and the sloshing of shallow
water in a nearly square container exemplify both these exceptional cases. In this
paper we investigate how the response of such systems depends on geometry and
dispersion.

1. Introduction
1.1. Preamble

When any mechanical system is subjected to a small oscillatory driving force, a reso-
nant response will occur whenever the difference between the frequency of the driving
force and a natural frequency, usually the fundamental, tends to zero. This frequency
difference is called the detuning. In systems with several degrees of freedom, the
response can be quite a complicated function of the detuning, typically taking the
form of coupled damped oscillators when dissipation limits the amplitude or of cou-
pled Duffing oscillators when nonlinearity is the limiting mechanism. For continuous
systems such as fluids, the situation is further complicated by the dependence on the
geometry. However, all resonances, whether in finite- or infinite-dimensional systems,
can be attacked by exploiting the smallness of the forcing amplitude and the detuning.
Our aim in this paper is to use asymptotic methods to shed light on some interesting
cases of fluid resonance that are primarily limited by nonlinearity and have received
little attention theoretically or experimentally. Because the subject of fluid resonances
has quite a complicated history, we can only put our work in context by subjecting
the reader to this regrettably lengthy introduction.

Those fluid resonances that have received most theoretical attention concern

(a) the sloshing of liquids in a horizontally oscillated, rectangular tank;

(b) one-dimensional, radially symmetric or spherically symmetric acoustic oscilla-
tions in a closed resonator.
These two situations can be related to each other when the liquid in (a) is sufficiently
shallow. In all the cases that have been considered, the resonant response is best
classified according to the distribution of the natural frequencies of the system.
Thus, in case (a), whenever the liquid depth is comparable to or greater than the
horizontal dimensions of the resonator, implying that the system usually only contains
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Ficure 1. Duffing-type response showing amplitude against frequency for soft-spring behaviour.

simple non-commensurate eigenvalues, the undamped periodic resonant response is
analogous to that of the classical Dufling oscillator

¥4+ 1+ )x+x>=¢cost, ¢<K1, (1.1a)
for which
x~¢dcost+--- where 14+ 34°=1. (1.1b)

Here 4 is the detuning and ¢ is the forcing amplitude, and the soft-spring response
(¢ > 0) is illustrated in figure 1. This ‘deep-water’ result was obtained in the pioneering
work of Moiseyev (1958). It describes the simplest resonant behaviour that a fluid can
exhibit, because the non-commensurability of the spectrum means that the lowest-
order response, although nonlinear in amplitude, is proportional to a single normal
mode. This scenario also encompasses acoustic resonance in a closed resonator as in
(b) above when the geometry is such that the spectrum is non-commensurate; indeed,
for such oscillations in a sphere or in a cylindrical wedge, the nonlinear response has
been shown to comprise only a single mode by Chester (1991) and Ellermeier (1994)
respectively.

However, the response is quite different when any of the natural frequencies are
commensurate or degenerate (i.e. with more than one corresponding normal mode)
and conceptually, the next level of complexity occurs when there are just a finite
number of commensurate, simple eigenvalues. Then, as shown in Can & Askar (1990),
Peake (1993) and Waterhouse (1995), the resonant response is analogous to that of
a coupled system of Duffing oscillators. As discussed in Ockendon et al. (1993), a
similar response in the form of a finite combination of modes may still occur to lowest
order even when there are an infinite number of commensurate eigenvalues, just as
long as there are also some non-commensurate ones as well; this happens because
nonlinearities in the field equations can prevent higher eigenmodes from being excited,
despite their frequencies being commensurate with the driving frequency. However,
the most extreme case of commensurability occurs in (b) above when the resonator is
a cylinder such as an organ pipe. As shown in the original paper of Chester (1964), the
fact that the spectrum now comprises the integers means that when the gas is oscillated
in the direction of the axis of the cylinder near the fundamental frequency, all the
higher modes can be simultaneously excited. These modes form a complete set and
hence much more complicated waveforms can appear than with finite combinations
of normal modes. In particular there is the possibility of discontinuous solutions that
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include shock waves when the detuning 4 is sufficiently small. Indeed this is apparent
from the solution of ‘Chester’s equation’ (Chester 1964, 1968)

M+ +Dff" = —9135, (1.2)

which describes the pressure, f'(z), at one end of the resonator, y being the ratio of
specific heats.

This leaves one other class of problems, namely those in which the spectrum has
some degenerate natural frequencies with independent corresponding eigenmodes,
and this is the situation with which we will mainly be concerned in this paper. The
effect of such degeneracy is relatively easy to describe for case (a) above and we
will see in §1.3 how it engenders strong multi-dimensional responses in systems that
are very nearly one-dimensional. However, the situation is more complicated when
the spectrum is also nearly commensurate and, in order to encompass this situation,
we will find it most convenient to describe our results in terms of the solution of
a canonical nonlinear, non-dispersive scalar wave equation that will apply to both
acoustic and shallow sloshing resonances. We will describe this equation later in the
introduction and the relevance of its solutions to case (a) will then be explained by
modifying its predictions to account for dispersion.

Most of the remainder of this introduction will be devoted to describing the
models within which we propose to study multi-dimensional degenerate resonance.
We will assume throughout that the damping is such as to allow us to only consider
periodic responses that are synchronous with the forcing. Also, from the start, we
will work with the dimensionless variables used in Ockendon & Ockendon (1973)
and Ockendon et al. (1993), and the crucial parameters ¢, A and v will always be
associated with the forcing amplitude, the detuning and the geometrical imperfections
respectively.

1.2, Uni-modal response
1.2.1. Deep water sloshing

The analysis of this case is predicated on the fact that the scaling needed to obtain
the solution (1.1), as ¢ — 0, is x ~ O(¢'/?) with the detuning being of O(e*3). Now
the sloshing problem for irrotational motion in a horizontally oscillated tank is

V¢ =0, (1.3a)

with the conditions
b =1+ & (Dt + Dy11y) (1.3b)
N+ (1 + o) tanh b [§, + Je (67 + ¢, + 6.7)] =0, (130)

on the free surface z = . Here, ¢ < 1 is the ratio of the amplitude of the forcing
to a typical tank dimension L, the dimensional undisturbed water depth is hL, the
dimensional velocity potential is ewL?¢, the dimensional surface elevation is eLyn and
the tank is oscillated at a frequency w near its fundamental frequency wq so that

W = (14 Ao, (1.4)

+ This bridging between dispersive and non-dispersive resonances has been discussed for
non-degenerate spectra by Chester (1968), Ockendon & Ockendon (1973) and Ockendon, Ock-
endon & Johnson (1986).
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and the normal velocity ¢, is proportional to sint on the walls of the tank. For
uniqueness, we also need to prescribe the mean elevation so that

/ndxdy =0, (1.5)
D

where D is the domain of the free surface. We now follow the scalings suggested by
Moiseyev (1958) and consider the regime Ay = 1;6%> (ig ~ O(1), the suffix d denoting
deep water) and employ the expansions

¢ ~ 8—2/3(1)0 + 8—1/3d)l + ¢2 4+ (1.60)
7~ 8_2/3710 + 8_1/3111 + 4, (1.6b)

to find that ¢ is just A times the normalized fundamental eigenmode proportional
to sin (¢ + 0), where 8 is the phase shift. Then, by applying the Fredholm Alternative
to the problem for ¢,, we find that sinf = 0 and

atgA + BA® = cos 0, (1.7)

for some constants o and f§, where the phase 8 = Q or = is chosen so that A > 0, i.e.
the response is qualitatively as in (1.1).

We will subsequently be especially interested in the case when the tank is a cuboid
of non-dimensional depth h, length = and breadth b for which w3 = (g/L)tanh h and

¢, =sint on Xx = —ECOSt, T — £COSL, (1.8a)
$.=0 on z=—h, (1.8b)
¢y=0 on y=0,b, (1.8¢)
and in this case
o = A cosxcosh(z + h)sin (t + 8), (1.9)

a = n/(4coshh), f = (n/4)coth hH(h) and H(h) is given by (A 1} in the Appendix.t

1.2.2. Acoustic resonators

As discussed in Ockendon et al. (1993), a suitable reduction of the equations of
two-dimensional gas dynamics leads to the prototype model for this class of resonators
as the nonlinear wave equation

Pxx T Pyy = Pu — o = € [20x0x + 20,0y + (7 — Dol 0xx + @yy)],  (1.10)

where we are given Neumann data as in (1.8a). The non-dimensionalization and the
parameters &, Ay are as before, and y is the ratio of specific heats. Thus we can again
adopt the asymptotic expansions ¢ ~ 3 + e3¢y + ¢y + -+, 4y = %34, and
find that ¢, is the fundamental eigenmode with an amplitude satisfying an equation
identical to (1.7) with 1; replaced by 4i,. Indeed, such a statement could be made
about any weakly nonlinear wave equation with quadratic nonlinearity. However,
these scalings cannot be applied uniformly in a variety of different limits. In particular,
(1.7) will not be uniformly valid when the shape of the tank or resonator is close
to one in which the lowest eigenfrequency is degenerate or is close to one with a
commensurate spectrum. We now consider these cases in turn.

T This response exhibits a change from soft to hard spring behaviour around h ~ 1.06, causing
H to change sign. The behaviour near this critical depth has been discussed by Waterhouse (1994).
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1.3. Multi-dimensional responses
1.3.1. Deep water sloshing

An obvious configuration in which to study sloshing when the fundamental is
nearly degenerate is the nearly square tank problem (1.3), (1.5), (1.8) when b is close
to . If b is any constant not a multiple of = and we allow the breadth of the tank to
vary slightly with x, we still retrieve (1.9) to lowest order and the solution is virtually
one-dimensional. However, when we replace (1.8¢) by

¢y =vomngxd'(x) on y=mn[l+va(x)], (1.11)

where v is a small parameter characterizing the breadth variations, we find that a
new phenomenon occurs when vy = vze?/? (v; ~ O(1)). Now ¢ has to be a linear
combination of the phase-shifted eigenmodes

o = (A cos xsin(t + ;) + B cos ysin(t + 8,)}cosh (z + h). (1.12)

The all-important criterion that determines the amplitudes A and B and the phases
0; is again found by solving for ¢, and then insisting that the problem for ¢, has
a solution with period 27 in ¢t and it can only be satisfied when B # 0. Indeed,
as shown in Waterhouse (1995), the Fredholm Alternative implies the solvability
conditions sin8; = sin 8, = 0 and

4
~ tanh h = [vyL(h)A + A4A sinh h + H(h)A® + J(h)AB*] cos 0; +v;K (h)B cos 0,, (1.13a)
0 = [vgyM(h)B 4 44B sinh h+ H(h)B* + J(h)BA*] cos 8, + v;K (h)A cos 0y, (1.13b)

where the coeflicients in (1.13) are given in the Appendix and 6; = 0 or = are chosen
as shown in figure 2, so that 4, B > 0. We can check this by recalling that when the
tank breadth is not commensurate with its length, the leading-order transverse mode
is no longer resonant and we should return to (1.9). This can be seen by letting the
average of the geometric imperfection tend to infinity so that, from (AS) and (1.13b),
we find B — 0 and hence A satisfies an equation similar to (1.7). We note that we
can interpret (1.13) in terms of a response diagram as in figure 2, where we have
considered a fixed geometric variation (v; = 2) and shown, in the case da'(x) = 2x
(which will later be seen to be a useful special case) and h = 1.5, the variation in
amplitude as the detuning, 44, varies. Similar response pictures can be found for other
values of v; and other a(x). This picture contrasts with figure 1 in that that there
are now two branches due to the interaction between the two modes, reflecting the
degeneracy of the first eigenvalue. For v; non-zero, the perturbed eigenvalues are at

Vd 2 2 1/2
2= g K0 £ [L200) + 4K700]
as reflected in figure 2, where the choice of parameters gives 4; = 4.6, —5.9.

The linear coupling terms in (1.13), causing the two distinct branches in figure 2,
only arise when the tank breadth is approximately 7 and a(x) is non-zero; even if
we were to oscillate two adjacent vertical walls of the cuboid when either of these
conditions is violated, we would simply obtain a superposition of two Dufling-like
responses in each direction.

1.3.2. Acoustic resonators

It is when we come to consider resonance for problems with spectra that may be
both degenerate and commensurate that the nonlinear wave equation (1.10) comes



322 H. Ockendon J. R. Ockendon and D. D. Waterhouse

FIGURE 2. Response diagram for deep water when vy = 2, h = L.5.

into its own, For, suppose we consider a resonator that is nearly rectangular and
forced on one face with an amplitude appropriate to the scalings in §1.2.2. Thus the
boundary conditions are

¢x=0 on x=0, (1.14a)

@, =sint on x=m, (1.14b)

¢,=0 on y=0, (1.14¢)
h h

¢y =vop @xd(x) on y=FIl+va(x), (1.14d)

and this corresponds to wp = ay/L where a} = ypo/pe and p, and py are the pressure
and density in the undisturbed gas. We now see that for ¢ = vy = 0, we have a
spectrum that not only contains the integers but can also be degenerate when hy/L
is an integer multiple of #. However, whereas for (1.3), (1.5), (1.8) and (1.11) it was
easy 1o retrieve the single mode response (1.9} as we moved away from degeneracy
by letting v; — oo, the dependence of the solution of (1.10), (1.14) on vy is much more
subtle as we will see shortly. In fact, the simplest non-trivial case we can consider
for hy/L = O(1) is when vy = ve!/? (v ~ O(1)) so that the imperfection has only a
second-order effect. Then we can expand ¢ ~ £7V/2¢+ @, +- - in the detuning range
Ao = Ag'/? (A ~ O(1)), and, writing @y = A(x, y,t) and ¢; = B(x, y, t), the key criterion
analogous to (1.13) is that the linear problem for perturbations to the eigensolution
satisfying

A +Ayy = Ay, (1150)
A, =0 on x=0,7, (1.15b)
h
A,=0 on y=0, ZO, (1.15¢)
namely

BXX + Byy b B[l = iAn + 2AXAXI + 2AyAy[ + (y - I)A[An, (1.160)
B,=0 on x=0, (1.16b)
B, =sint on x =, (1.16¢)
B,=0 on y=0, (1.164d)

h
B, = vzg[Axa’(x) —Aya(x)] on y= h—lf’ (1.16e)
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FIGURE 3. ‘Shock diagrams’ (where shocks occur in the shaded region) for successive
approximations to the function a'(x) =2x fory =14. (a) N=2, () N=4, (c) N=6.

should have solutions periodic in ¢ with period 2n. We now have the challenging task
of using the solvability condition for B in (1.16) to find A and this is our objective
in §2; it is only easy to do this in the purely one-dimensional case (v = 0) when
A = f(t+ x) + f(t — x) and the solvability condition on (1.16) retrieves (1.2) for the
determination of f.

However, as shown in Ockendon et al. (1993), there is one parameter regime in
which a relatively straightforward asymptotic analysis can be made and that is when
ho/L is small; this situation corresponds to a ‘thin’ resonator, where the restriction
vh3/L? < 1 allows the equations (1.10), (1.14) to be integrated across the breadth of
the resonator. This leads to a hierarchy of one-dimensional models which show an
extreme sensitivity to the size of v, even though, in general terms, the likelihood of
shocks decreases as the cross-sectional area variations, and hence the probable non-
commensurability of the spectrum, increases. For these thin resonators the following
two parameter regimes emerge in Ockendon et al. (1993):

(a) v < &2 Here, the regime where discontinuous solutions occur is described
by ‘fingers’ in the (4,v)-plane within which shocks may be sustained, and the widths
of these fingers diminish as v increases (see Ockendon et al. 1993, figure 3, which
is similar to figure 3 above which we will refer to as a ‘shock diagram’). As in the
discussions leading to (1.15), the analytical expression of this statement is only at
all easy when v ~ O(1) in which case we can expand ¢ to derive one-dimensional
versions of (1.15) and (1.16) and show that 4 = f(¢ + x) + f(t — x) where (1.2) is
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replaced by

A"+ G+ O+ %sint = % /n[a'(r) —d'(n —1)]f' (t + 2t)dr. (1.17)
0

Although (1.17) can only be solved numerically in general, the emergence of narrow
shock regimes or fingers as v increases can be discerned analytically in the special
case when d'(x) is linear in x (so that the resonator is parabolic), as described
in Ockendon et al. (1993). When a'(x) = 2x, the right-hand side of (1.17) is vf(¢)
and it is relatively easy to carry out an asymptotic analysis as v — oo. This gives
f ~ sint/n(v + A) unless —v/A is the square of an integer. Near these ‘subresonant’
straight lines in the shock diagram lie the ‘fingers’ within which the response does
not tend to a single mode as v — oo. The form of the response within these fingers
is still unclear except in certain special cases; all that is certain is that the amplitude
is relatively large (for example, v!/? near the first finger A+ v = 0) and that shock
solutions can be displayed explicitly in the case when a(x) has just a few Fourier
components (Keller 1977; Chester 1994). In fact, if we approximate d'(x) = 2x by
N

writing a(x) = 2[4(—1)" /n*]cosnx for N = 2,4,6, an explicit calculation reveals
n=1

figures 3(a)-3(c) respectively. Special cases in which a(x) is harmonic have been

considered in Chester (1994), in which figure 3(a, b) first appeared. The arca between

solid lines shows where shock solutions occur and the appearance of new fingers is

associated with the sub-resonant lines.

(b) v ~ O(e7/?). In this regime we are so far away from the one-dimensional
scenario that it is easier not to think in terms of a generalized Chester’s equation such
as (1.17) but rather in terms of the commensurability of the spectrum. It appears
from the discussions in Ockendon et al. (1993) that only when the nth eigenfrequency
w, satisfies [w, — n| < €'/? is there a possibility of shocks and hence that there is
likely to be a generic unimodal response unless these strong geometric variations are
very special,

Although the parameter regime hy < L precludes any obvious configurations in
which the fundamental eigenfrequency is degenerate, the results that we will derive
for ‘non-thin’ resonators near degeneracy in §2 will reveal an interesting similarity
with the scenario illustrated in figure 3.

1.4. The relationship between shallow water sloshing and acoustic resonance

As explained in the penultimate paragraph of §1.1, we will only be able to see the
relevance of our model (1.10), (1.14) to sloshing problems if we can incorporate the
effects of dispersion into its predictions. Thus, before we go into a more detailed
discussion of (1.15), (1.16), let us make some comments about its relationship with the
shallow water problem; this will highlight the role of (1.15), (1.16) as the basic model
for multi-dimensional non-dispersive resonance, to which terms can be appended
later to account for dispersion. We can see this in the case of the rectangular tank
modelled by (1.3), (1.5), (1.8) and (1.11) because when we use the shallow water
scalings h = kel/4, Jy = Ae'/2, vo = vel/?, z = V%2, ¢ = /2 and n = ¢ V/*7 (see
Ockendon et al. 1986) in these equations, we find the shallow water model

G2z = —"(Pux + Pyy), (1.18a)
¢ =¢?sint on x = —ecost,m —ecost, (1.18b)
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¢$y=0 on y=0, (1.18¢)
_ h -

¢, = vilsl/zd)xa’(x) on y= %[1 + vel2q(x)], (1.18d)
$:=0 on z=-—x, (1.18¢)

where b has been replaced by hy/L. The parameter x will hereafter denote the measure
of dispersion in the problem. The free surface conditions are

¢z = &'27, + euiix + £, 7y (1.18f)
A+e(l+e2[A-3") (d+ 5 [@3+677 {2+ 8;}]) =0,  (118g)
on z = ¢!/2§, correct to O(¢). Then, expanding ¢ and # as ¢ = ¢ + &'/ %) + ey + -

and 7 = no+¢"/2n; +en2+ - -, we proceed to solve at each order to find ¢o = A(x, y, 1)
and ¢ = —14,(z + x)* + B(x, y,t) where

A+ Ayy = Att, (119(1)
A, =0 on x=0,m, (1.19b)
A,=0 on y=0, %, (1.19¢)
and
Byx + By, — By = —%KzAtm + ()v - %Kz) An

+2A,Ax + 24,4y + A A, (1.20a)
B, =sint on x=0,x, (1.20b)
B,=0 on y=0, (1.20¢)

B = hO ! _ h()
) = vf [Axa (x) —Ayya(x)] on y= T (1.20d)

which clearly reduce to (1.15) and (1.16) when x = 0 with y = 2. Equally, following
the ideas of Ockendon & Ockendon (1973), we can see that when xk — oo, the linear
terms on the right-hand side of (1.20a) dominate so that A4, + 4, = O which,
together with (1.19), suggests that we can approximate 4 by A = A;gcosxsin(t +
61) + Aoy cosysin(t+6;). A more detailed analysis is given in §2.4 to show that
the amplitudes Ao and Ay, satisfy (1.13) in the limit » — 0, so that this deep
water limit of the shallow water equations matches with the shallow water limit of
our earlier deep water analysis. We will henceforth regard the effect of dispersion
on the solution of (1.10), (1.14) as being to introduce fourth-order derivatives of
the fundamental eigenmode into the formulation of the problem. In the case of
purely two-dimensional motion (where the leading-order solution depends on just
x and ) Ockendon et al. (1986) have shown that this has the effect of removing
any possibility of shocks. The analysis becomes more and more complicated as k
decreases because the number of continuous periodic solutions appears to increase
without bound; when x = 0 there is a unique solution but it is discontinuous
in a certain detuning range. A similar burgeoning of periodic solutions may be
expected to occur in the three-dimensional case, but we will not investigate this
here.

It is very difficult to model the effects of dissipation realistically in these resonance
problems, but we instinctively expect viscous damping to ‘round off’ the large-
amplitude branches in response diagrams such as figures 1 and 2. We will discuss this
further in §3.
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The picture that emerges from all the investigations described above is that acoustic
and horizontally oscillated sloshing resonators exhibit Duffing-like responses unless
the fundamental mode is degenerate or there is an infinite number of commensurate
normal frequencies. This latter situation can only occur for special geometries, such
as gas in a cylindrical organ pipe, and, when it does occur, there maybe a complicated
response involving shock waves. A perturbation analysis for thin resonators reveals
the ease with which this ‘shock’ response can be destroyed by geometric imperfections
that remove the commensurability of the spectrum. However, there is as yet no analysis
for resonators which are perturbations of configurations for which the spectrum is
commensurate and exhibits degeneracy, say in the fundamental. Our model (1.10),
(1.14) with hg/L = = applies to just such a situation and this is what we will study in
the next two sections.}

2. Resonance with nearly commensurate and nearly degenerate spectra

In this section we will study (1.10), (1.14), (1.15) and (1.16) with hy/L = 7 in
the simple but instructive case when vy = O(e'/?); we will leave all embellishments
concerning other parameter regimes to §3.

The general periodic solution of (1.15), (1.16) is

A(x,y,t) = Z COS px COS qy(apq COS Apgt + by g sin ik, t), (2.1)
pg

where ,llz,’q. =p*+ q'2 and p,q are integers such that the 4,, are non-zero integers. It
1s convenient to write A as

Ax,p,1) = Aijx,p,0), (2.2a)
ij

where
Aij = fij(t £ 1x L kijy) (2.2b)
are 2n-periodic plane waves in the (4, +j) directions, (i, j} denoting all the i, j such
that i2 + j2 is the square of an integer and each pair (i, j) is coprime,
o .
ll,] ) ) kl,j lli,j s

we have used the shorthand
fij(t £ lijx T kijy) = fij(t + Ljx +kijy) + fi;(t + I jx — kijy)
+ fij(t — lLijx +kijy) + fij(t —lijx — kijy).

We will henceforth refer to the f;; as the (i, j)-wavetrain. Thus we can, alternatively,

write
[e o]

Aij(x,y,t) = Z COs isx COS jsy(dsisj COS sA; jt + bgis; sin 54, ;t), (2.3a)

s=1
where
1 e8]
fulh =5 > (@51 COS ;T + by sin sk ) (2.3b)
s=1

1 A further argument for studying (1.10), (1.14) is that it is unlikely that resonators with
non-planar walls could ever sustain periodic responses including shocks, which would inevitably be
curved, even if it had an infinite commensurate set of eigenvalues.
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and d = 2 for (i, j) = (1,0) or (0,1) or d = 4 otherwise and the f,, have been chosen
to have zero mean without loss of generality. We will also find it convenient to have
a Fourier series representation for a(x), namely

a(x) = 2 o, COS nx. 2.4)
=0

We now make some remarks about the application of the Fredholm Alternative
to (1.16) using the form (2.2b) for A(x, y,t). For a periodic solution of (1.16) to exist
we need the forcing in this problem to be orthogonal to the doubly infinite set of
eigensolutions to the homogeneous problem (1.15). We first multiply (1.16a) by the
eigensolution cos npx cos mpyG(t') where

G(t') = Capmp COS (AnmPt') + dupmp Sin (Apmpt’),

and ¢ and dj, are arbitrary constants. We then integrate over the whole domain
and, using the boundary conditions (1.16b—) and summing over p, find

© 2n n n
2 / / / F(x, y,t')cos npx cos mpy G(t')dx dy dt’
=1 Jo Jo Jo

o 2n n
= —128p1Omodi + Z / / By|y=ns=r(—1)"" cos pnx G(t')dx d¢’ (2.5)
1 Jo Jo

for each (n,m), where F(x, y, t) is the right-hand side of (1.16a). Before we can proceed
any further we need the following result.
The expressions

m nA Apym, COS q3X COS gM COS G Ay s dxdyd¢ (2.6)
o o Jo ny,my4ing,my qns qmsy Sinq}.anJ/ yat, .

where q = 1,2,... and the pairs (n;,m;) are coprime are non-zero if and only if n, =
n, = n3 and m; = my = ms. The proof is a straightforward case-by-case enumeration
(see Waterhouse 1995) so we do not give it here.

Noting that most of the terms in F(x, y,t) are quadratic in A, this result states that
the only terms in F(x, y,t) for the (n,m) set of orthogonality relations (2.5) that do
not integrate to zero in the left-hand side are those containing only products of A4,
(or fum)- Hence we can replace F in (2.5) by F,,, where

Fn,m(xa 2 t) = }-(An,m)tt + Z(An,m)x(An,m)xt + 2(An,m),v(An,m)yt
+y — 1)(An,m)t(An,m)tt~
The left-hand side of (2.5) can now be integrated explicitly, and putting Cppmp =

COS AymPt, dnpmp = Sin A, mpt and, using the method of §3 of Ockendon et al. (1993) to
evaluate the sum in the left-hand side of (2.5), we finally find that the f,,, satisfy

2
2méagy ,
12 f nm
nm

1 .
Cfnm+ - Sint 0,10m0 = —

@© 2n n
+ 5 > / / R(x,¢')(=1)"" cos pnx cos pAnm(t' — t)dx dt’; (2.7)
n? =1 Jo Jo "

here €f,n is shorthand for
Efam = Afam(®) + (7 + Df (O 0 n(8), (2.8)
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the right-hand side is linear in f,, with
R(x,t) = d'(x)Ax(x, 7, t) — (a(x) — o)A, (x, 7, 1), (2.9)

and o« is the mean value of a(x).

The set of equations (2.7) will form the basis for all our subsequent discussions.
Their most interesting feature is the complication caused by the term R(x,t) which
involves, in general, a coupling between all the 4;; and the Fourier coefficients of
a(x) and hence the right-hand side of (2.7) contains all the f;;. For example, we find,
in the case (n,m) = (1,0), that (2.7) gives

1. " ! / Py / / ’
(Kfl,o-i-—smt:._i/ [d(n— ) —d (E)[f, ot +20) + - -1dr
n 2z Jo ;

_;z_ /on a(n— f/)[fé,l(t +1)— f(lm(t —t)+---]dt, (2.10)

where only the first two wavetrains have been included. However, we will later exploit
the fact that the form of this right-hand side simplifies in three special cases, two of
which have been already mentioned in §1:

(i) when d'(x) is linear in x, i.e. the back wall is parabolic, the equations reduce to
a set of ordinary differential equations where, for example, (2.10) reduces to

L.
¢fi0 = sint +v (fio+4fo1+ )3

(it) when a(x) has a finite number of Fourier components, a reduced, but still
infinite number of f;; occur on the right-hand side of (2.7);

(iii) when d'(x) = a'(mr — x), i.e. the back is anti-symmetric, we see, for, example,
that (2.10) simplifies and, in general, the right-hand side of (2.7) will again contain a
reduced number of f;;.

Before considering (2.7) in detail, there are two general points that need to be
enunciated that we will need in the later discussions.

The first concerns the uniqueness of physically acceptable solutions of nonlinear
wave equations in the presence of weak shocks. For shocks of arbitrary strength,
uniqueness can be demonstrated on the basis of entropy, stability or viscosity argu-
ments, the choice being usually dictated by technical considerations. For the weak
shocks considered in this paper, a trivial one-dimensional stability argument shows
that perturbations to a constant-velocity shock can only die away from the shock if
it is compressive. Hence this criterion will be used to select weak shocks throughout
the rest of this manuscript.

Our second general point concerns the two-dimensional intersection of two straight
shocks of different families (as discussed in Liepmann & Roshko 1957). When
such shocks have arbitrary strength, several different downstream configurations are
possible but, in the weak shock limit, the vortex sheet or slipstream shed from the
intersection point is of second order in strength compared to the shock strength.
Hence, when we encounter such intersections later in this section, we will assume the
shocks pass through each other without change of strength and without creating any
new discontinuity.

We now return to (2.7); there are several limiting cases that we will need as reference
points before we can make any general statement about the response. One immediate
observation is that as o gets large with v # 0, we move away from the nearly square
resonator and (2.7) implies that f,, ~ O(1/ag) for (n,m) # (1,0) and f, satisfies (1.2)
to leading-order.
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2.1. The limit v —>0
When v = 0, (2.7) collapses into Chester’s equation (1.2) for f;o. This equation
must be solved under the conditions that f, is periodic and, since ¢ is the velocity
potential, f is continuous, together with the restriction that any discontinuity in f},
corresponds to a compressive shock. The unique solution for |4] < A* = 4[(y+1)/73]"/?
is given by

fot A _ 4 N\ coslt, —m<t<i, (211a)
Y| n(y + 1) —cosit, tp<t<m, '
where ¢; is given in terms of A by
NN
1=4 (V; ) sin L;, (2.11b)

When we now consider v to be small and positive, we see from (2.7) that, for
A= 0(1), fio ~ O(1) but all the other f,,, are of O(v). Hence we write

Fum = OutOmaf S + v+ -+,

to give that f;fg satisfies (2.11) and
M +G+1) (f“” T+ T 1) S
1 2n n
= — Z RO(x, £')(—1)P™ cos pnx cos pA,.(f' — t)dx dt, (2.12)
n? o1 Jo Jo |

where RO(x, ) = [f\ (t + x) — £{} (t — x)]@'(x). Note that the first term on the right-
hand side of (2.7) has no effect at this order, so the solutions considered throughout
this subsection are independent of the choice of «y. The effects of the geometry can
now be considered in terms of

(i) the modulation of the one-dimensional solution described by the linear equation
(2.12) with (n,m) = (1,0) and

(ii) the excitation of cross-wavetrains which are described by the linear equations
(2.12) with (n,m) # (1,0).

To discuss the modulation of the one-dimensional solution, we write the shock
location as

=t +vei 4+,

and solve a perturbed free boundary problem for f{,. Thus the continuity condition
[f10] = 0 implies

ol =—1If31, 2.13)

where square brackets denote jumps from f; — 0 to t; + 0. We can minimize the
algebraic complexity by choosing the special case a'(x) = 2x, in which case we can
integrate (2.12) for (n,m) = (1,0) to give
+1 1/2 ,
2 (V—T) (cos 1) f1§ =

(m? — %) + (di(t + ) — 2 cos §1),

2y +1) [n(y + 1))/

—n<t<ty
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FIGURE 4. Plot of 1] against t; where the shock is located at t* = ¢ + vt].

and

y+ 1\ / A
-2 <T) (COS %t) fg]l(g = m(ﬂ?"—tz)

4
TS

Hence f }13 is periodic if

dim +dyt —4cos 315 — 2t sin 515 + 2cos 3t), g <t <7

dy = = [2cos 315 + (15 — m) sin 3 15]

dy = — [2cos 115 + (5 + 7) sin 315]

QA -

and we can use (2.13) to find ¢]. The result is plotted in figure 4 for y = 1.4, in which
the singularity as |4] — A" indicates that an inner expansion is needed to describe
the way in which the shock regime in the shock diagram shifts slightly as v increases
from zero (see figure 3). It can also be shown that the strength of the perturbed
discontinuity in f }Og +vf 93 decreases for 4 > 0 and increases for 4 < 0 in accordance
with this shift in the shock regime and this behaviour applies qualitatively to more
general a(x) (Waterhouse 1995).

When we come to illustrate the ‘cross-wavetrains’ f,, for (n,m) # (1,0), it is

convenient to revert to the representation (2.3) and write
1 oo
o= 5 Z(af,% cosnt + by sinnt),
n=1

and also to write a(x) in terms of its Fourier series (2.4). To avoid undue complications
we only show the results corresponding to the second term in the Fourier series for
a(x) by taking a(x) = cosx. The other terms can be treated similarly. In this case,
with 4 ~ O(1), (2.12) gives

1 . 1 .
(()11) = 27(a(1% cost + b(lo()) sint), 213) = 2—07(a(5?3 cos 5t + b(;,)()) sin 5t), (2.14)

and so on where f{!) = 0 unless 4,, —n = 1. We soon see that as n* + m? — oo,
i ~ (n* + m*)7/2, but, more importantly, the lowest-order cross-wavetrain is a
purely harmonic response with an amplitude that decreases for higher wavenumbers,
even though we are in a situation with a degenerate spectrum.

However, there is one interesting regime in which the degeneracy has a dramatic
effect, as can be discerned from (2.14). This is when A is so small that a rescaling
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of (2.7) is necessary in order to keep the nonlinearity in balance with the detuning.
In fact we can see the existence of a fine detuning band near 4 = 0 on physical
grounds by noting that the primary forcing of O(¢) produces a primary response of
O(&'7?), and hence a cross-wavetrain forcing (due to the interaction of the O(ve!/?)
geometry variation with this response) of O(ve); then, because of the degeneracy of
the fundamental, the cross wavetrain response is of O(ve!/?). Indeed, inspection of
(2.7) shows that we need to write

A=VPT L fam =0
in order to retain the nonlinear terms in the limit v — 0. This leads to

igly + (v + l)gnmgnm

2n n
== Z / / RO(x, ) (—1)P™ cos pnx cos pA,m(t' — t)dx dt, (2.15)
=1 Jo Jo
for all (n,m) # (1,0), with fo given by (2.11a) and, from (2.11b),

12
ty =l © vI27,
072 \y+1

We now have the possibility of a much more interesting cross-wavetrain response.
Equations (2.11a) and (2.15) give

* 2

o7 32 _ _

(gé’f + ‘ﬁ) =5 v+l Y2 [ey —sint], (2.16a)
% 2

(gﬁ’ﬁ' W’il) =—1—6—[(y+1)7r]’3/2 [c; — sin 5], (2.16b)

and so on for higher-order wavetrains, where c,c, are constants. Consideration of
these expresswns shows that discontinuous solutions for g“) occur for 4] < 1. 3(y+1)‘/ 4

and for g{J when |4 < 0.2(y + 1)"/%. To highlight this we consider the case 1=0,s0

, 39\ 12 ~ (1—sint)? En<t<-—Iin
g = (’) [+ D)~ i 2

3 —(1 —sin)/? —171 <t<inm,
, 16\'? (1 — sin 5¢)1/2 Bn<t<—%m,
g1 = (~> [(y + D]~ ‘ o
’ 99 —(1—sin5t)?  —Ln << gm,

and so on, where the interaction of the shocks in these solutions with that of the
primary wavetrain has been assumed to create no new discontinuities as explained on
page 328. We illustrate this case, plotting 4, (which is proportional to the pressure)
at t = —n/4 for y = 1.4 in figure 5(a) for v = 0 and figure 5(b) for v = 0.2 (with just
the first three wavetrains). The f43;-wavetrain can just be seen and the introduction
of further wavetrains has a negligible effect.

Consideration of other forms of a(x) that contain just a finite number of Fourier
components confirms that in all cases the primary wavetrains (fio and fq) are much
larger than the higher-order wavetrains.

2.2. The limits A,v = o©

In this parameter regime, we can carry out an analysis in the same spirit as that on
page 324 to see that each f,, is of O(1/v) except in certain thin regions when there
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FIGURE §. Plot of 4, for A =0, a(x) =cosx and (a) v =0, (b) v =0.2.

is a ‘subresonance’. Hence we propose that as 4,v — oo with A = O(v)

1 1 1
fom = S Fom+ S5 Fam s him
Now it is straightforward to see that if, for example, a(x) = «y + a; cosx,

fio= A+ 200y sin ¢
YT (2 + 200y — adv?)
DA+ 20v)°
82 (A2 + 2094y — a3v?)?
oy

sin2t+---, (2.17a)

Jo1 = o T iy vy o1
(y + 1)adv? )
- t+ - 2.17b
872(A + 209V )(A2 + 2004y — adv2)? sIn2e e, ( )
fom = 0 (y724mI™) (217¢)

Hence the first mode in the primary wavetrains blows up close to the perturbed
eigenvalues, or ‘spectral lines’, given in the shock diagram by

3= a0 £ (a3 +d) "] v. (2.18)

A rescaling similar to that employed Ain Ockendon et al. (1993) shows that as we
approach the detuning range A+ av = Av~!/3, where & = ap — (o + ¢%)"/2, we find the
Duffing-like response

fro = Av3sint + 0(v=17?),

o .
for = —&—Avm sint + O(v™1/3),
{
where

=2 2 =4
A <1 + 3‘3) B (1 + °‘4) - ;1; (2.19)

8a o
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FIGURE 6. Shock diagrams showing, for a(x) = ag + cos x and y = 1.4, the interface between shock
and continuous solutions in the cases (a) oy = 0, (b) 2y = 1 and (¢) ¢y = 10. In (a), there are shocks
in the longitudinal direction between the solid lines and shocks in the transverse direction between

the dashed lines. In (b) and (c), shocks are found in between the solid lines and the dotted lines
represent the spectral lines (2.18).

As 4 — oo, the larger-amplitude response grows from O(v!/3) to O(v) and the other
modes re-enter the solution and shocks are possible. The situation is reminiscent
of the large imperfection limit of the thin resonators discussed on page 324 except
that, even though there is only one harmonic in a(x), there are two fingers in whose
neighbourhood (2.19) holds. This is shown in the large-v portion of the shock diagram
figure 6(a) which illustrates the case oy = 0, oy = 1 and is drawn accurately; the
solution within these fingers contains shocks of comparable amplitude travelling in
both the x- and y-directions. Figures 6(b) and 6(c) show the cases 2y = 1, oy = 1 and
o = 10, oy = 1 schematically to indicate how the one-dimensional Chester response
is retrieved as ag — co. When a(x) contains higher Fourier coefficients there are
more fingers in the shock diagram; the details can be found in Waterhouse (1995),
where it is shown that the first three modes in the primary wavetrains dominate the
leading-order terms in (2.17) for all A and v.

2.3. An iterative procedure for v ~ O(1)

Let us now return to (2.7) for v ~ O(1) so that no obvious analytical simplification is
possible. We recall that the limiting solutions found in §2.1 and §2.2 have a recurring
theme in that, in all cases, modes associated with the two primary wavetrains, f,o and
fo1, have dominated the solution. Thus we propose the following iteration scheme:
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we write (2.7) as

2
_2miopv gy

1
Efuty + s1n 101 Omo = = fom

© 2 pm
+ - Z / / RO(x,t')(—1)P™ cos pnx cos pApn(t' —t)dxdt’,  (2.20)
n? 1 /0 JO

where fU+V is the (i + 1)th approximation to f,, and R® is the expression found for
R by using the approximations f{), for the f,.. We take as our initial approximation

Ax,y.1) = fig(t %) + f51 (e £ ),
so our starting values for the f,, are
fon=0. (mm)#(1,0) or (0,1), (2.21)

where f §0) and fg; © satisfy (2.7) with f,,, ((n,m) # (1,0) or (0, 1)) formally set to zero,
namely

(éf503=—lsmt+—/ [@(!) — d(m — )}f$F (¢t + 20)dr
+= /0 d(m— O =)= 1§ (e + £ (2:220)
o= = O ) = 1%+ O~ 2of . (2220)
0

We may estimate the rate of convergence by noting that a;o and ao, are O(1/k?)
for continuous solutions and O(1/k?) for shock solutions as follows. Consider the
contribution from 1 10 OF (0) to the right-hand side of (2.20) for i = 0. This feedback

term in the equation for fn’m contains a term involving agziny2o from the ff%
wavetrain. Hence, bearing in mind the definitions (2.3b) for f,,, and the size of the
ayp, it is consistent that f{)) ~ O(4;,) for continuous solutions and f{!) ~ O(4.}) for
shock solutions. This argument indicates that the higher-order wavetrains have an
amplitude that is smaller numerically than the primary wavetrains by a factor of at
least (n* + m?)~2.

We now demonstrate the effectiveness of this iterative procedure by applying it to
the case a(x) = o + a; cos x, where we have already found that the cross-wavetrains
are described by (2.12) and (2.15) when v — 0. We consider the first step in the
iteration where (2.22) gives

1
€f\y = —sint [ + %oclvbg?{] — Layvaf) cost,
fgf(()f’l) = —Joyv [b(o) sint + alocos t} - 2v<x0f(°’/
These equations can be solved using an approach similar to that of Chester (1994)
(see Waterhouse 1995) and for v small, the range for shocks emerging in the fo;-

wavetrain agrees with the predictions of §2.1. The algebra is very complicated and
we only carry out a full analysis for the special case of ‘extreme degeneracy’ when
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FIGURE 7. Response diagram showing, for a(x) = cos x and y = 1.4, the response where there the
dashed part of the curve indicates a shock in either direction.

op = 0 and a; = 1 to find figure 6(a) which shows the different parameter regimes in
the shock diagram with the now familiar shock response in fingers near the perturbed
eigenvalues A = +v. In between the solid lines (in the same sense as in figure 3) we
find a shock in the f,p-wavetrain and in between the dashed lines a shock in the
foi-wavetrain. As in the case when v is small, we have neglected any discontinuities
that might be generated by the shock intersection. As pointed out earlier this shock
diagram is different from its one-dimensional equivalent in that there are now two
fingers associated with the introduction of one harmonic in a(x). This is due to the
coupling between the two wavetrains, while the symmetry about the line 4 = 0 in this
case is just a consequence of taking a(x) = cosx. A schematic of the shock diagram
we expect for a9 = 1,10 and «; = 1 is shown in figures 6(b) and 6(c) to illustrate, for
v ~ 0(1), how the one-dimensional Chester response emerges as ¢y — 0. In these
diagrams, the dotted lines are the spectral lines (2.18) and we recall, from (2.7), that,
as ag — o0, fo ~ O(1/ap) and the longitudinal wavetrain dominates for all 4, v as ag
grows large,

To illustrate the response we recall that 4, is proportional to the pressure in the
gas and that 4,(0,0,¢) = 2(f 503 + f(()?l)l) so we take as a typical amplitude

A= { (maxfy —minf ) + (maxs® ~minf¥)},

and this is plotted in figure 7 against the detuning for various values of v. This
choice of A; also allows us to compare figure 7 with figure 2. Although there is no
dispersion in the former, the resonant peaks are at similar locations but are distorted
by dispersion in figure 2. The two Duffing-type branches correspond to the growth of
the sint term in the expansions for fo and fo; and the right-hand branch matches
very well with the formula (2.19) even for values of v as small as 2. In figure 8 we
plot 4, at t = —n/4, for A = 0, v = 1 which can be compared to figure 5(b) and we
see the growth of the f, -wavetrain and a change in its phase.

Proceeding to the next stage of our iteration we have, from (2.20), fﬂg = f{f’&,
() _ £0) (1) _
ot = Jors gi =0 and

{3 = ~3v [ cos 5t + b sin 5]
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FIGURE 8. Plot of A4, for A =0,v=1,t=—n/4 and y = 1.4.

and so on for the other f ﬁ,},}, It is possible to solve these equations and then proceed
to the next stage of the iteration. Calculations of the wavetrains to this second order
of approximation have been found to affect the original approximations only by a
few percent.

2.4. Dispersive effects

As mentioned in the introduction, we can only see the relevance of the above analysis
(based as it is on the acoustic model (1.15), (1.16)) to sloshing resonance if we consider
the effects of weak dispersion and thereby attempt to retrieve (1.12), (1.13). To do
this we note that if we had considered the shallow water problem (1.19) and (1.20)
instead of the acoustic problem we would have found that (2.7) is modified by the
strength of the forcing becoming 2/% and that €f,,, is now

Cfnum =—%K2ffifn)+ (A—1x?) fom =+ 3wt rm: (2.23)

We can now retrieve the result in §1.3 on the deep water limit of this shallow water
solution by letting k — oo in (2.7) with the modifications just discussed. Firstly, we
note that the shallow water limit of (1.12) and (1.13) as h — 0 gives

¢ ~ &3 [A cos xsin(t + 0;) 4 B cos ysin (t + 6,)], (2.24)

with sinf; = sin#, = 0 and

4 9
- = (,1dA — 3—2ﬁA3 - %AB2 + vdoczA> cos 0 — vy B cos 0,

9
0= (,1dB - 3—271333 — iAZB + 2vdocoB) cos @, — vaoe A cos 0y,

where ag, ; and a, are the Fourier coefficients defined in (2.4). Using the shallow
water scalings of §1.4 and scaling 4 and B as

A =14, B =B,
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yields
4 3 . .
o= (2K2/3A’ _ %A‘ +vi*Par A ) cos 8, — v*’*a;B” cos 6, (2.25q)
0= <1K2/3B' — 2B+ 2v1c2/3a0B') cos 0 — vi*3o; A” cos 6, (2.25b)
plus O(e!/?k?) terms, where we have written Ay = Ae7/%, v; = ve~'/%, relating the

deep water scalings to the shallow water scalings. To consider the deep water limit
of (2.7) with (2.23) as k — oo, we recall that the shallow water depth is O(¢!/*) and
the detuning range is Ao ~ O(¢'/?). To match to the deep water scalings we require
k ~ 0(e"/%) and 1 ~ O(e"/®) (so that we are in the detuning range 1y ~ O(¢*/?)) and
hence we take the limit as k — oo with Ak?/? ~ O(1). Similarly we require vk*3 ~ O(1)
for the correct scaling of vy and we expand the f,,, as

fum = 10+ W
Solving the O(x?/3) problem gives
FO = g sin(t 4+ 0n)  V(n,m). (2.26)

hm

Solving for f{!) and then applying the Fredholm Alternative to the f\2, problem gives
sinf,, =0 and

2/m=(Ak* — 2A47¢ + apvi™?) A1 cos B9 — v Ao cos by,
0= (Ax?> — 343, + 200vk™?) Aoy cos Oy — a1 vi*> Ay g cos by o, (2.27)
0=A4,, (n,m)#(1,0)or (0,1).
Finally, noting that the leading-order velocity potential is now
¢ ~ 2e"*[Aygcosxsin(t + 0;9) + Aoy cos y sin (¢ + 6,)],

we see that (2.27) matches (2.25) if we write 24,9 = A", 24¢, = B", 0,9 = 6, and
90,1 = 92.

In this section we have presented a framework for two-dimensional oscillations in
the simplest parameter regime vy = O(e'/?) where the detuning, geometrical effects
and nonlinearity balance when second-order terms are considered. We have found
that the degeneracy induced by the condition hy/L = m causes the response in the
cross-direction to be much stronger than in non-degenerate cases. This phenomenon
had already been noticed for deep water in (1.13), with which the results of this
section are consistent. However, as was the case for the thin resonators considered in
Ockendon et al. (1993), we can make certain less precise statements about the regime
1> v > ¢V/? and this is one of the generalizations we consider in the next section.

3. Generalizations
3.1. Stronger geometric variations

Having established a basic theoretical framework for the regime vy = O(&'/?), we could
attempt to bridge the gap to the regime vo = O(1), where we almost always expect a
single mode response, in the same spirit as described for thin resonators at the end
of §1.3. Indeed the similarities that have emerged between the effects of increasing
geometric imperfections in thin resonators and in nearly square resonators for the case
vo = O(&'/?) suggest that some of the arguments of Ockendon et al. (1993) could also
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apply to the progressive destruction of degeneracy as vy increases. However, it soon
becomes apparent that the details are even more intricate than those mentioned in
Ockendon et al. (1993) so we will restrict ourselves to some very general observations
here.

Let us now consider what happens when vy > ¢!/2. The simplest regime where this
holds is when vy ~ O(e!/4) and in this case we proceed as in §1.3.2, but now expand
@ as @~ e 2oy +e 49, + @, + -, where @ still satisfies (1.15) and hence can be
written as (2.2). However, at second order, we now find that the f,, must be such
that

2o9m? ,

@© 2n pm
iz Z/ / R(x, t')(—1)P™ cos pnx 08 pAn,(t' — t)dx dt’ =
n 0 Jo
p=1

for all (n,m), for periodic solutions to be possible. When we consider this set of
conditions by writing the f,, and a(x) as Fourier series, we find an infinite set of
restrictions on the coefficients of these series which will, in general, force all the f,,,
to vanish to lowest order and thus rule out any anomalous large-amplitude response
over and above a single mode with a dimensional amplitude of O(¢*“wL?). However,
there may be exceptions when the o; obey certain very special conditions. This can
best be seen by assuming the perturbations to the natural frequencies caused by the
back variations are such that

+ . + .
O = (n2 n m2)1/2 [1 + v {w(n,m)l(al)} + vé {w(n,m)Z(al)} + 0(v3):| ’

Oy (05) O my2 (%)

as vo — 0, where n®> + m® is the square of an integer, + denotes the split of the
natural frequencies due to the degeneracy and w(in,m)j are functions of the Fourier

coefficients &;. For the case considered in §2, when vy ~ O(e!/?), we find that the
detuning Ay ~ O(¢'/?) balances with the vow(“—;’m)1 terms along spectral lines such as
(2.18) and this balance is associated with the sub-resonant growth of the associated
modes. Now, for the regime considered here (vo ~ O(e'/4)), the detuning will only

balance with the vZw ., terms and these sub-resonances will only be possible if

(nym)
the corresponding vocu(in’m)1 vanish (i.e. when the o; satisfy certain constraints). Thus,
unless all the w(in,m)l vanish, (3.1) will mean that some of the modes in the f,,, must
also vanish. Note that these special cases, where large-amplitude responses occur, do
not correspond to the extension of the fingers found in §2 but are associated with
the emergence of these fingers much further up the vg-axis as illustrated in the shock
diagram figure 9. If w(im)l do not vanish, we are effectively far from resonance with
@0 =0 and ¢ ~ O(s™1/%).

We note also that the emergence of these special large-amplitude responses is
critically dependent on og. For ay # 0, we find that (3.1) are only satisfied when
fum =0, (n,m) # (1,0), and f,p may contain a number of modes depending on the
other «; as in Ockendon et al. (1993). For oy = 0, however, it is possible to find a
response containing a number of modes in wavetrains other than the longitudinal
wavetrain just as long as the other «; are suitably chosen. This difference can be
seen by recalling that vyo is the average of the back variation and, whenever this
quantity is greater than Q(¢!/2), we are sufficiently removed from the degenerate case
of a square tank that, to leading order, we have a one-dimensional response.

When we finally attain the regime vy ~ O(1), we can see that a generalization of
the above arguments suggests that there will only be a non-trivial response when the
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FIGURE 9. Shock diagrams showing subresonant growth of the first mode in the fj and fq,
wavetrains along fingers in the detuning range dg ~ O(c'/?): (a) vy ~ O(c'/?), where the detuning
balances with voe(joy; (b) vo ~ O(¢"/%), where the detuning balances with o, and of, = 0.
In both cases the dashed line indicates the spectral lines. '

distance of the w,,, from a commensurate set is O(¢'/?) and this will require a very
special geometry.

3.2. Spectra with other degeneracies

The discussions in §2 and §3.1 have been solely concerned with the two-dimensional
response of a nearly square resonator, so that the eigenvalues are nearly n? + m? and
all are nearly degenerate. We can destroy many of these degeneracies by the artifice of
introducing three-dimensionality and putting a slightly uneven ‘lid’ z = do(1+Sh(y))/L
on the resonator. Then, for do/L < &!/4 and B ~ O(1), we can adapt the analysis
of Ockendon et al. (1993) to find a quasi-two-dimensional problem for the velocity
potential (x,y,t) ~ & Y2po + @y + -+,

!

Poxx + Poyy + W(PO,V = Qo5

(3.2)
@ox =0 on x=0,r , ¢@3p=0 on y=0n,
and
Qrxx + Pryy + —l_f_—B_};(ply = Qe + AP0 + 200xPoxs + 200, Poy:

+ — Doovon, (3.3a)

p1x=0 on x=0, (3.3b)

@i, =sint on x=m, (3.3¢)

@y, =0 on y=0, (3.34)

@1y = vit[@oxd (x) — @oya(x)] on y=m. (3.3¢)

The eigenvalues w, ,, now satisfy the eigenvalue problem

d dgn,m 2 2 __
& (00 BHN T )+ 1+ B — n =0,

g;l,m = 0 on y = 05 7[,
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v

A
FiGure 10. Shock diagram for the special case of one transverse mode.

with corresponding solution

Po=f1ot LX)+ > D 8uml(y) COS BX(Cpm SN Wpnl + dym COSDrt), (34

n=0 m=1

and, as usual, we have written

fio(t) =3 Z(a,,,o cos nt + by sin nt).
n

Now let us suppose we can select an A(y) such that wp; = 1 and no other w,, (n # 0)
is commensurate with it. Then we only need n = 0,m = 1 in the summation in (3.4)
and the application of the Fredholm Alternative to (3.3) gives

sint  mgi1gg,(mouv

Mo+ G+ Dfioflo=— (crpcost +dgsint)

2
+5 /n flox + t)[a'(x) — d'(n — x)}dx, (3.5a)
2 Jo v
Cot | Vo g ao
{dO,l } B 2('1 - gzgg’, (T[)TECX()V) {bl,O } ’ (35b)
where
1 + Bh(n) g = go ()1 + Bh(n))

1= = — .
/ [+ Bh(VIdy / &2, ()1 + BH(y)]dy
0 0

We can only easily see what happens in the symmetric case a'(x) = a'(n — x) and we
first consider the case ag = 0. Then (3.5a) has discontinuous solutions for

2o 160+
3

_maisiggy (v

6(y + 1) - (36)

and we plot the shock regime in the shock diagram in figure 10. Equations (3.5)
reveal three different classes of behaviour depending on the parameter A/v2. First,
when v? < A, the geometric imperfection in the rear wall is so weak that coy1 and
do, are negligible and we return to the one-dimensional response. Also, when v ~ 4,
the primary and transverse wavetrains are both of the same order of magnitude as in

t Using a numerical method (Nag Fortran Library 1990) we found that 1 + Bh(y) =
[cos(1.04y +3)] ! yields @,y = 1 for the case n = 0 with the next few w,,, being non-commensurate
and hence a function of this general shape may be a suitable example.
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the case v = O(1) in §2. However, we have an interesting anomalous response when
v2 > A, because then f1p ~ O(A/v?) and the transverse wavetrain (in the y-direction)
dominates. Indeed, from (3.5), we find, in both shock and continuous regions, that

alg~0 , bo~—A/v? , ci~0 , doy~—1/v,

so that, as 4 — 0, the wavetrain in the x-direction (which may contain a shock)
is of O(4/v) lower than the lowest-order transverse wavetrain (which is smooth).
This is due to the amplification of the relatively small primary wavetrain resulting
from resonance with the rear wall geometry which causes a forcing at a transverse
frequency (that is, in turn, dictated by the shape of the ‘lid’). Thus, although figure 10
suggests some similarities with the ‘fingers’ of figures 3 or 6(a), where all the purely
transverse modes are commensurate and degenerate, the behaviour near 4 = 0 is very
different, with the single transverse mode now dominating for small A and v2 > 4;
also, of course, the resonant response only ever contains shocks propagating in the
primary (x) direction.

For ay # 0, the transverse mode dominates close to the line A = g,gg (n)mopv so
that the finger near A = 0 is retained in this case. The effect of the transverse mode
dominating will be to cause any fingers close to the line 4 = gagg, (7)nagv to becomes
thinner as the longitudinal motion becomes weaker.

We may also remark that if other eigenvalues rather than just the fundamental are
degenerate, then, away from A = 0, the scenario suggested by figures 3, 6(a) and 10
will persist, with shock fingers spilling out into the shock diagram.

3.3. The effect of other physical mechanisms

The principal mechanisms that we have neglected in all our models are dissipation
and, in the case of sloshing, surface tension. It is relatively easy to take the latter
into account by introducing the terms o&'/?[#j., + #,,] and 0,4, into the right-hand
sides of (1.18g) and (1.20a) respectively, where o, measures surface tension. Thus the
zero-dispersion limit merely becomes x | /30, rather than ¥ — 0 and, as long as
k > /30, ie. the depth is greater than the ripple depth, all our previous analysis
applies qualitatively. Nonlinear effects in sloshing tanks at depths less than the ripple
depth do not appear to have been analysed asymptotically.

As far as the effects of dissipation are concerned, we have primarily neglected them
thus far on theoretical grounds in order to facilitate our analysis of nonlinear and
dispersive phenomena. In practice viscous action will be important in all the problems
we have described and we have implicitly acknowledged this in focusing attention only
on periodic responses at the driving frequency. The precise mechanism for viscous
action will of course vary from problem to problem, but in high Reynolds number
situations it will be concentrated in viscous boundary layers on the walls of the tank or
resonators, It is much easier to model bulk viscous action than the effect of boundary
layers; as demonstrated in Ockendon et al. (1986) the introduction of a term &*ux
into Duffing’s equation (1.1) or uf’ into Chester’s equation (1.2) can be handled quite
easily and it simply results in a ‘round off” of all the response diagrams we have
presented. A more realistic model for two-dimensional boundary layer dissipation
has been proposed in the form of a linear time convolution by Chester (1964), but
this is quite difficult to handle asymptotically, as shown in Chester (1964, 1968),
Keller (1976) and Ockendon & Ockendon (1973). Even more difficult is the nonlinear
history dependence that would result from taking a full boundary layer model. A
further complication in our configuration would be that the dominant boundary layer
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action would probably be confined to three-dimensional boundary layers near the
edge of the tanks or resonators.

3.4. Further remarks

The configurations that have been studied hitherto by no means exhaust the possibil-
ities for multi-dimensional resonant fluid responses. For example, although the case
of sloshing tanks of infinite depth is a trivial special case of what we have described
earlier, tanks of semi-infinite horizontal extent have continuous spectra and hence
offer quite new possibilities when being resonated near a cut-off frequency (Ockendon
& Ockendon 1973; Barnard, Mahoney & Pritchard 1977; Kit, Shemer & Miloh 1987;
Kantzios & Akylas 1988).

There is also the possibility of three-dimensional motions when ‘cross-waves’ are
excited by parametric resonance (Garrett 1970; Miles 1988; Tsai, Yue & Yip 1990);
indeed this instability mechanism would be important in some of the problems listed
above in §2 when the wavemaker is oscillated at twice the frequency of a harmonic
in the transverse direction. We expect our methodology to apply to such solutions,
although preliminary investigations suggest the details will be much more complex
than those of §2. Such parametric resonances also occur when a tank is oscillated
vertically (Faraday 1831; Ockendon & Ockendon 1973; Miles 1984); in both cases
we would expect the nonlinearity to enter the analysis in the same way as proposed
for the hybrid “Mathieu-Duffing” equation in Ockendon & Ockendon (1973).

Finally, we have made no explicit mention of fully three-dimensional acoustic
resonators, but we see no reason why they should not be described by relatively
straightforward generalizations of the asymptotic representations listed here, with, for
example, two families of transverse shocks being capable of being excited in a nearly
cubical resonator.

4. Conclusions

We have described some of the salient features of the multi-mode response of fluid
resonators near their fundamental frequency. We have assumed that the amplitude
is limited primarily by nonlinear effects and that dissipation is negligible except in
that it filters out responses that are not periodic with the same period as the forcing
mechanism.

Usually the response is the familiar one in which the waveform is approximately
proportional to the lowest eigenmode, with an amplitude related to the detuning in
the same way as for a Duffing oscillator. This is because the effects of geometric
asymmetry and dispersion usually engender a non-degenerate and non-commensurate
spectrum. However, there are special situations when the spectrum has an infinite
number of nearly commensurate eigenfrequencies that can all be excited simulta-
neously. Normally such a configuration can be modelled by the well-known one-
dimensional Chester theory, or its extension to nearly one-dimensional resonators.
However, this excludes the interesting case in which the spectrum may be nearly
degenerate, for which a nearly square two-dimensional acoustic resonator is the
paradigm.

For those anomalous acoustic resonators that we have been able to analyse, our
principal result is that as geometric imperfections are increased to move the spectrum
further away from commensurability and/or degeneracy, a Duffing-like response
becomes more and more likely except in narrow regimes (fingers) in the shock-
diagram, i.e. the parameter plane of the imperfection and the detuning. In these
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fingers, shocks can often exist, sometimes propagating only in the direction of the
external forcing, and sometimes transverse to and even dominating the response in
that direction.

We have also been able to include dispersion in the theory and hence relate our
acoustic predictions to those for sloshing in horizontally oscillated rectangular tanks.
Then the spectrum for shallow water sloshing may be nearly commensurate, so
that many one-dimensional modes can respond to the forcing. Nonetheless, for the
degenerate case of a rectangular tank of nearly square cross-section, forcing parallel
to one pair of vertical walls means that a significant response can occur in the
perpendicular direction. This transverse excitation also occurs for deep water when
the cross-section is nearly square.

In conjunction with the results of Chester (1994), Ellermeier (1994) and Ockendon
et al. (1993), our predictions suggest that the phenomenon of ‘shock fingers’ is
common enough to be observable in experiments on gases and possibly shallow liquids,
although it may be easier to discern the occurrence of perpendicular wavetrains in
nearly square tanks of deep water.

Appendix. Coefficients in (1.13)

H(h) = —sech®hcosechh(9 + 15sinh*h — 8sinh®h), (A1)
1 J(h)

J(h) = = , A2
) 8 (/2 cosh hsinh \/2h — 4 sinh h cosh \/2h) sinh h cosh® & (A2)

K (h) =  Sinhh + hsechh / a(x) cos xdx, (A3)

n 0
L(h) = S—“ﬂ;—mﬂ / a(x) cos 2xdx, (A4)
0

sinh h + hsechh [T
My = SRS |

0
J(h) = —29+/2cosh’h sinh \/2h + 52cosh*h cosh «/2h sinh h
492 cosh’ hsinh v/2h — 40 cosh v/2h cosh? hsinh h
—20sinh hcosh® hcosh +/2h + 31+/2 sinh \/2h cosh® h
+8cosh 2k sinh h — 11./2 cosh hsinh \/2h. (A6)

a(x)dx, (A5)
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